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1. INTRODUCTION 
Let q = (ql, q2,...  ,qn) T be a vector of generalized coordinates describing the motion of ~ dy- 
namical system, and denote 
P= \ dt ' dt . . . .  ' dt ] = (P] , P2 . . . .  , pn ) T . 
Nonholonomic onstraints encountered in mechanics can usually be expressed in the following 
form: 
~ai j (q ; t )p j  + b~(q;t) =0,  i = 1 , . . . ,m,  (1) 
j= l  
see, for example, [1-3]. This letter deals with control problems of mechanical systems ubjected 
r,o kinematic onstraints given by 
f i (q l , . . .  ,qn,Pl, . . .  ,Pn) -- 0, i -- 1 . . . . .  m,  (2) 
~n < n, where f i (q ,P) ,  i = 1, . . .  ,m are given smooth functions on i}~2n. Let A(q ,p )  E ~'~×~ 
denote the matrix whose components are given by 
Ofi i= l , . . . ,m,  j = 1 , . . . ,n ,  (3) Aij = Opj' 
and assume that rankA(q ,p )  = m. It is further assumed here that detAm(q ,p)  # O, where 
(A,~)ij = ~,  i , j  = 1, . . . ,  m. These assumptions are needed in the next section for the derivation 
of the Lagrange equations. 
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2. THE LAGRANGE EQUATIONS 
Let T(q, p) denote the kinetic energy and let VT(q, t) denote the potential energy of the system. 
It is assumed here that 
VT(q(t), t) = V(q(t)) - qT(t)Eu(t), (4) 
where V(q) is the potential energy due to the conservative forces, u(t) E NP, p __ n, E C Nnxp, 
rankE = p, and -qT(t )Eu(t )  is the "potential energy" due to the applied control force u(t). 
See [4] for the introduction of the potential function VT. Denote £ = T - VT and define the 
following function: 
m 
£r = f~ + Z Ai(t)fi(q, p). (5) 
i= l  
Thus, by using the Calculus of Variations and following the same procedure as in Chapter IV 
of [5], the following set of Lagrange quations is obtained: 
0=~ - ~/qj + ~---~ A,(t) ~\-~pil-Oqjj+ d~p~'  j= l  . . . .  ,n, (6) 
i=1  i=1 
which have to be solved together with 
fi(ql,...,qn, Pl,...,Pn) = O, i = 1,...,m. (7) 
Hence, equations (6) and (7) constitute n + m equations for the solution of qj (t), j = 1 , . . . ,  n 
and Ai(t), i = 1 , . . . ,m.  Note that Q~, 
O~ = - ~-~ A, ( t )  -~ \ Opj J - Oqj J i=l dt Op~ ' 
i=1  
j = 1, . . . ,n ,  (8) 
are the (generalized) constraint forces. 
3. EXAMPLE 
Assume that the kinetic energy T(q, p) can be expressed as follows: 
1 n n 
T(q, p) = Bi j(q); i ; , ,  (9) 
i=1  j-----1 
where B(q) E Nnxn is symmetric and positive-definite. Also, it is assumed that there is only one 
constraint of the form 
where C(q) c ~R nxn  
problem might arise 
its end-effector. 
Using the form of 
n n 
1 Z E Cij(q)p,pj - v~ = O, (10) f(q,  P) = 
i=1 j=l 
is a given symmetric and semipositive-definite matrix, and v0 > 0. Such a 
in the control of an N-link manipulator with a constraint on the velocity of 
equation (9), it follows from [1] or [6] that 
d (OT)  OT £ , ,d2qy ££( ik J  ) -~ ~ ~qk -- Bkj(q)--~" + (B)pipj, 
j=l i=1 j=l 
(11) 
k = 1 , . . . ,n ,  where, for any smooth D(q) E ~n×n (i j)(D) is Christoffel's ymbol given by k 
( k j )  1 [0Dik ODjk ODij]. (12) 
i (D)=~ [ Oqj + Oqi Oqk J 
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Thus, by using equations (6), (9), and (10), the Lagrange equations for this exmnple are 
obtained: 
d2qj ~[ ( ik J  ) ( i k j )  ] dqidqj 
[Bkj(q) + A(t)Ckj(q)] ~ + (B) + A(t) (C) (it dt 
=1 i=1 j= l  
+OV(q)  +dA(t)  ~ C ( " dqj 
Oq-----~ T kj ,q)- j~ = (Eu(t))~., 
j= l  
(13) 
k = 1, . . . ,  n. Thus, in this example one has to solve equations (10) and (13). 
Assume that one has to control the system in such a manner that some goals lmve to be 
achieved in the (q,p)-space and subject to the constraint given by (10). Then, one has to find 
A(t) and u(t) such that 
1. the assigned goals in the (q, p)-space will be satisfied, 
2. the constraint given by (10) will be satisfied for all concerned values of t, 
3. the matrix B(q(t)) + A(t)C(q(t)) will be positive-definite for all concerned values of t. 
However, these control problems are out of the scope of this letter and some of them will be dealt 
with elsewhere. 
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